We construct a novel multi-step iterative method for solving systems of nonlinear equations by introducing a parameter θ to generalize the multi-step Newton method while keeping its order of convergence and computational cost. By an appropriate selection of θ , the new method can both have faster convergence and have larger radius of convergence. The new iterative method only requires one Jacobian inversion per iteration, and therefore, can be efficiently implemented using Krylov subspace methods. The new method can be used to solve nonlinear systems of partial differential equations, such as complex generalized Zakharov systems of partial differential equations, by transforming them into systems of nonlinear equations by discretizing approaches in both spatial and temporal independent variables such as, for instance, the Chebyshev pseudo-spectral discretizing method. Quite extensive tests Algor (2016) 71:631-653 show that the new method can have significantly faster convergence and significantly larger radius of convergence than the multi-step Newton method.
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Introduction
Numerical methods for solving nonlinear systems of equations are an important research topic. Nonlinear systems of equations usually arise when discretizing ordinary differential equations (ODEs) and partial differential equations (PDEs). The classical Newton-Raphson method [1] is a basic iterative method for solving nonlinear systems of equations. A large number of papers have considered that method and variants. For instance, Cruz et al. [2] have proposed some gradient-free inexact forms of Newton-Raphson. Moreover, An and Bai [3] have discussed a globally convergent iterative scheme using the GMRES method. It should be noted that they assumed that the Jacobian matrix associated with the considered nonlinear system of equations had a sparse form. In all those methods, LU decomposition or an efficient iterative linear system solver such as the NSCGNR algorithm [4] can be used to avoid the calculation of the inverse of the Jacobian matrix.
Since in multi-step methods the inverse of the Jacobian matrix is computed several times, robust iterative schemes such as Krylov subspace methods [5] [6] [7] should be considered. For instance, the authors of [8] introduced a class of multi-step iterative methods for solving nonlinear systems of equations which avoid the computation of high order Fréchet derivatives. In summary, multi-step iterative methods are computationally attractive. It should be noted that those iterative methods provide an effective way of constructing highly accurate solutions with low computational cost. As a typical iterative method, one can mention the multi-step variant of Newton method [1] . That variant will be called here NR. The NR method for solving a nonlinear system F(x) = 0 can be described as [9, 10] or Jacobian of F(·), y 0 is the initial approximation vector x for the solution of F(x) = 0, and y m is the approximation vector x for the solution of F(x) after an iteration of NR. The NR method uses m (≥ 1) steps to obtain a m + 1 convergence order, makes m function evaluations and one Jacobian evaluation, and requires only one LU decomposition and m solutions of lower and upper triangular systems. In this paper, we will construct a new multistep method which enhances the radius of convergence and the speed of convergence of NR. We will develop the new method by introducing a parameter in NR. A similar idea for scalar algebraic equations has been suggested in [11] . Although we use LU decompositions for solving linear systems in both the base method and the multi-step part, iterative methods such as restarted GMRES could also be used.
The rest of the paper is organized as follows. The new method is presented in Section 2. Section 3 presents the convergence analysis of the new method. In Section 4, we describe how the Chebyshev pseudo-spectral method can be used to discretize a nonlinear system of complex PDEs in spatial and temporal dimensions and reduce it to a system of nonlinear equations, thus building real tests to analyze the new method. Section 5 illustrates the accuracy and efficiency of the new method using two examples generated that way. Section 6 presents the conclusions.
New multi-step iterative method
Our new iterative method came out by an attempt to increase the convergence radius in NR without changing its convergence rate and its computational cost. The resulting method (ATC) can be described as
where θ = 0, y 0 is the initial aproximation vector x for the solution of F(x) = 0 and y m is the approximation vector x for the solution of F(x) = 0 after an iteration of the method. The ATC method needs m (≥ 2) steps to obtain a m + 1 convergence order, makes m function evaluations and one Jacobian evaluation, and requires one LU decomposition, 3 vector-vector multiplications and m solutions of lower and upper triangular systems. The more computationally expensive operations are the LU factorization of the Jacobian and the solutions of the upper and lower triangular systems. Picking up θ = 1 reduces the new method ATC to NR, so the new method can be seen as a generalization of NR keeping the same convergence order. It is clear that by an appropriate selection for the θ parameter the new method can be made to have faster convergence than NR and to have larger convergence radius than NR. While we don't currently have a strategy for picking up a good value for θ , it is possible that such strategies can be developed in the future for particular instances or classes of functions F(·) such as functions F(·) arising when solving the Poisson partial differential equation. We will verify that faster convergence is achieved in ATC with respect to NR. That faster convergence must be attributed to the fact that the leading term of the error has smaller value in norm in ATC.
Convergence analysis
In this section we first prove that the order of convergence of ATC is four when m = 3. Later, we will prove via induction that the order of convergence of ATC is m + 1. In the constructed proof, we require that the function F(·) should have at least three Fréchet derivatives. The function F :
The linear operator A is denoted by F (x) and is called the Fréchet derivative of F(·) at x. The higher-order Fréchet derivative of F(x) with respect to x can be calculated recursively
where v is vector. 
Proof Let F : ⊆ R n → R n be a function with up to third order Fréchet derivative in . The qth Fréchet derivative of F at v ∈ R n , q ≥ 1, is a q-linear function
Computing the Fréchet derivative of F with respect to e k , we get
where I is the identity matrix. Computing its inverse using a symbolic mathematical package Maple, we obtain
To clarify the notation in the rest of the proof, we note that x k is the vector y 0 used in the description of ATC and that x k+1 is the vector y 3 in the description of ATC. The vectors φ φ φ 1 , φ φ φ 2 , φ φ φ 3 , y 1 , and y 2 will denote the vectors with same names in the description of ATC which allow to go from x k to x k+1 when ATC is applied.
Using y 1 = x k − 1 + θ − θ 2 φ φ φ 1 and plugging (3) we get
Using (2) and (1) we get
Using y 2 = y 1 − θ 2 φ φ φ 2 and substituting (4) and (5),
Substituting x k by y 2 in (1) we get, replacing x k by the previous expression for y 2 − x * , and with
Using φ φ φ 3 = F (x k ) −1 F(y 2 ) and substituting (2) and (7),
Using y 3 = y 2 − φ φ φ 3 and substituting (6) and (8),
Theorem 3.2 Let F : ⊆ R n → R n has at least third order Fréchet derivative on an open convex neighborhood of x * ∈ R n with F(x * ) = 0 and det(F (x * )) = 0. Then, the multi-step ATC iterative method has, for m ≥ 2, local convergence order at least m + 1.
Proof The proof can be obtained via mathematical induction as done in [9] .
The error equation for the m-step iterative method ATC is calculated by using the Maple symbolic toolbox that can be written as
The highest Fréchet derivative in the error equation (9) is third order. So, the m-step iterative method ATC has m + 1 convergence order and it requires that the nonlinear function F(·) should have at least three Fréchet derivatives. Note that wide classes of important ODEs and PDEs, such as those arising in the Bratu problem, the Frank-Kamenetzkii problem [12] , the Lene-Emden equation [13] , the Burgers equation [14] , the Klein-Gordon equation [15] , the two-dimensional sinh-Poisson equation [16] , and the three-dimensional nonlinear Poisson equation [17] , heat equation, wave equation, Euler's beam equation etc., give rise to F(x) functions with high order Fréchet derivatives. Then, the multi-step iterative method ATC is applicable to wide classes of important problems. The real parameter θ ( = 0) in ATC can be replaced by a vector of non-zero real numbers when C j for j ≥ 2 are diagonal matrices and usually it is the case in the systems of nonlinear equations associated with ODEs and PDEs. The diagonal matrices can be treated as vectors and we define binary and unary operations for them as
and the error equation (9) is verified as
In that error equation, (2C 2 ) m−2 C 3 e m+1 and (2C 2 ) m e m+1 are vectors and
is calculated using (10).
A real test problem
In this section, to illustrate the application of the multi-step ATC iterative method, we will consider the nonlinear complex generalized Zakharov system (GZS) of one dimensional PDEs with the Chebyshev pseudo-spectral method for discretize it in spatial and temporal dimensions to reduce it to a nonlinear system of algebraic equations.
The nonlinear complex generalized Zakharov system
The nonlinear complex Zakharov system has importance in plasma physics [18] . The system includes two coupled nonlinear PDEs which can be written as
subject to the initial and boundary conditions
Several numerical methods have been proposed recently for approximating the solution of (11) (12) such as the homotopy method [19] , the finite difference method [20, 21] , and the variational iteration method [22] . Also, Bao et al. [23] suggested some high-accurate numerical methods for solving numerically (11) (12) . Bao and Sun [24] applied a new technique based on time-splitting discretization for approximating the solution of a variant of (11) (12) .
One can split (11) using the real and imaginary parts of ψ(x, t), u(x, t) and v(x, t), as
with the initial and boundary conditions
The matrix form of the nonlinear system (13) is ⎡
where
the constants δ 1 , δ 2 , δ 3 , δ 4 and c s are given, and the functions α i (t), 1 ≤ i ≤ 6 and β j (x), 1 ≤ j ≤ 4 are known.
In the next section, we will use the Chebyshev pseudo-spectral method for discretizing (15) subject to the initial and boundary conditions (14) to reduce (15) to a system of nonlinear algebraic equations.
The Chebyshev pseudo-spectral method
Spectral methods are the best methods for approximating the solutions of problems in applied mathematics and engineering when the solutions are smooth and their domains are simple. Many researchers have used those methods for the numerical solution of nonlinear PDEs [25] , fractional ODEs [26] , high-order boundary value problems [27] , systems of Volterra integral equations [28] , optimal control problems governed by Volterra integral equations [29] , Quasi Bang-Bang optimal control problems [30] , and ODEs of degenerate types [31] . In relation to many other methods, spectral methods give highly accurate results.
To discretize (15) subject to the initial and boundary conditions (14) using the Chebyshev pseudo-spectral method, we define the following transformations
The partial derivatives with respect to the variables associated with the new domain are related to the partial derivatives with respect to the variables associated with the previous domain as
Let n x and n t be the number of grid points in, respectively, the spatial and temporal domains associated with the variables y and τ . The partitions of [−1, 1] in the space and time directions are performed using Chebyshev-Gauss-Lobatto (CGL) points. The number of grid points is n = n x n t . Let
be vectors collecting the values of the functions u(y, τ ), v(y, τ ) and w(y, τ ) at the grid points. The discrete approximations for the partial derivatives are
where D y , D τ , I y , I τ are, respectively, the Chebyshev differentiation and identity matrices for variables y and τ , the dimensions for subscripts y and τ are, respectively, n x and n t , and ⊗ denotes the Kronecker product. Finally, we define the partial derivative operators as
The discrete form of (15) is, using x m×n to denote an m × n matrix x, ⎡
with denoting the point-wise multiplication between vectors. The compact form of (17) is
Our aim is to solve the nonlinear system of algebraic equations (18) by the proposed new multi-step ATC method presented in Section 2. We have to adapt the structure of F(S) = 0 to the initial and boundary conditions. Using Matlab-like notation, the initial and boundary conditions can be written as
Initial conditions
for i = 1 : n x indx 1 = (i − 1)n t + 1 , i n d x 2 = (i − 1)n t + 2 , A(indx 1 , :) = 0 , A ( n + indx 1 , :) = 0 , A(indx 1 , 1 : n) = D 1 (i, :) , A(n + indx 1 , n + 1 : 2n) = D 1 (i, :) , A(2n + indx 1 , :) = 0 , A ( 2n + indx 2 , :) = 0 , A(2n + indx 1 , 2n + 1 : 3n) = D 1 (i, :) , A(2n + indx 2 , 2n + 1 : 3n) = D 2 (i, :) , B(indx 1 ) = β 1 (i) , B(n + indx 1 ) = β 2 (i) , B(2n + indx 1 ) = β 3 (i) , B(2n + indx 2 ) = β 4 (i) , end (19) where D 1 = I x ⊗ I t (1, :) and D 2 = I x ⊗ 2 b t −a t D τ ,
and

Boundary conditions
A(1 : n t , :) = 0 , B = 0 , A(1 : n t , 1 : n t ) = I t , B ( 1 : n t ) = α 1 (1 : n t ) , A(n − n t + 1 : n, :) = 0 , B ( n − n t + 1 : n) = α 2 (1 : n t ) , A(n − n t + 1 : n, n − n t + 1 : n) = I t , B( n+ 1 : n + n t ) = α 3 (1 : n t ) , A(n + 1 : n + n t , :) = 0 , B ( 2n − n t + 1 : 2n) = α 4 (1 : n t ) , A(n + 1 : n + n t , n + 1 : n + n t ) = I t , B(2n + 1 : 2n + n t ) = α 5 (1 : n t ) , A(2n − n t + 1 : 2n, :) = 0 , B ( 3n − n t + 1 : 3n) = α 6 (1 : n t ) , A(2n − n t + 1 : 2n, 2n − n t + 1 : 2n) = I t , A(2n + 1 : 2n + n t , :) = 0 , A(2n + 1 : 2n + n t , 2n + 1 : 2n + n t ) = I t , A(3n − n t + 1 : 3n, :) = 0 , A(3n − n t + 1 : 3n, 3n − n t + 1 : 3n) = I t , (20) Finally the rows of Q and Jacobian of Q get zeros where B gets values from initial and boundary conditions. After these modifications, nonlinear system of algebraic equations will be updated and can be solved by any iterative methods such as ATC or NR.
Numerical analysis
In this section we show the accuracy and performance of the multi-step iterative method ATC when used to solve a system of nonlinear equations obtained by using the Chebyshev pseudo-spectral method to discretize the nonlinear complex generalized Zakharov system (GZS) of partial differential equations. In [18] , two test problems concerning GZS have been solved with good accuracy by using the Jacobi pseudo-spectral collocation method. As a comparison we will solve the same two test problems with higher accuracies than those reported in [18] . The errors will be computed using the || · || ∞ norm over the entire grid as
where is the grid of values for (x, t) used in the discretization, and u num (x, t), v num (x, t) and w num (x, t) are the computed numerical values of the functions u(x, t), v(x, t) and w(x, t). In all computations, the initial guesses for U, V and W will be taken equal to the zero vector O n×1 . 
Complex Zakharov equation
The first test problem is the GZS [18] : 
We choose the parameter θ = 1.0 − 0.001 rand(3n, 1), where rand(3n, 1) is a uniform random vector of dimension 3n in the interval and n t = 48 grid points for the time dimension. Table 1 compares the errors obtained by ATC and the NR multi-step method as a function of the number of steps m. The table also gives the execution time of ATC for m = 38 and NR for m = 42, numbers of steps under which the errors in both methods are sufficiently small and similar. We can note that for the same number of steps the errors under ATC are significantly smaller than under NR, particularly when the number of steps m becomes large. With similar error targets, the ATC method is about 7 % faster than the NR method. Figure 1 shows the errors in u, v and w in logarithmic scale against the number of steps m for methods ATC and NT. Figures 2, 3 and 4 plot, respectively, u(x, t), v(x, t) and w(x, t) at the grid points. 
Complex generalized Zakharov equation
The second test problem we consider is the GZS in complex form, which is [18] : We will consider several numbers of grid points in the space dimension, n x , and in the time dimension, n t . We will also consider several values for θ . Table 2 , n x = 21, n t = 34, and θ = 2. Therefore, an appropriate selection for the parameter θ increases the convergence radius of ATC in comparison with NR. Figure The results obtained in [18] are presented in Table 4 . We used more number of grid points in spatial dimension than that of [18] and got better numerical accuracy in numerical results.
Conclusions
Multi-step iterative methods for solving nonlinear systems tend to be computationally economical. The ATC method makes only one Jacobian evaluation. Once the LUfactors of the Jacobian are evaluated, they are used in the multi-step part to make the method computationally efficient. Our numerical results clearly show that ATC has better speed of convergence than NR and, with an appropriate selection of θ , wider radius of convergence. Applied to the complex generalized Zakharov equation with using the Chebyshev pseudo-spectral method for discretization, the ATC gives more accurate numerical solutions than they have been obtained in [18] .
